Gauge Invariant Renormalizability of Quantum Gravity
BT 5 IRMEA e ] R
P. M. Lavrov and Ilya Shapiro

P-M-Hi KD KRB - 7Dz

Contents

H ¢

Introduction 390
515 390

Quantum Gravity in the Background Field Formalism 393
HRHIEE T RF5177 393

Gauge Invariant Renormalizability. 409
T2 ] R 409

BRST Invariant Renormalization 410
BRST N EHFA 410

Gauge Invariance of Renormalized Background Effective Action 413
HEAERASEHERNATERZN 413

A Short Historical Review and More Special Notes 415
fia7 2 Bl S #h FE BB 415

On the Gauge Fixing in the Higher Derivative Models 417
= SRR R RITEEE NS 417

Conclusions. 420
£51e 420

Cross-References 421

X5 H 421



References 421

ZE R 421

Abstract

R

The current understanding of renormalization in quantum gravity (QG) is based on the fact that UV
divergences of effective actions in the covariant QG models are covariant local expressions. This fundamental
statement plays a central role in QG, and, therefore, it is important to prove it for the widest possible range
of the QG theories. Using the Batalin-Vilkovisky technique and the background field method, we elaborate
the proof of gauge invariant renormalizability for a generic model of quantum gravity that is diffeomorphism

invariant and does not have additional, potentially anomalous, symmetries.
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Introduction

515

All the fundamental interactions that exist in nature (electroweak, strong, and gravitational) are de-
scribed in terms of gauge theories [1]. Thus, the quantization of gauge theories that provides important in-
sights into the quantum properties of the fundamental forces plays an important role in this process. General
relativity (GR) and most of its extensions are based on the general covariance principle. In the models where
this symmetry does not hold at the classical level (let us note that there is a special chapter in this section,
devoted to the Hofava, or Hotava-Lifshitz, gravity models, in which the covariance is violated), this symmetry
is supposed to restore in the limit corresponding to observations. Thus, the basic models of QG have to be
based on the covariant classical theory.
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Atthe classical level, the coordinate transformations change the metric (or other fields, describing gravity,
for example, independent connection, or tetrad, etc.) to the equivalent one, from a physical viewpoint. The
situation is the same as in other gauge theories, with the coordinate invariance playing the role of gauge
symmetry. In this review, we discuss only the QG models in which gravity is described by the metric. Thus,
we are leaving aside such interesting issues as first-order (Palatini) formalism in QG [2], teleparallel gravity

[3], etc. Let us note, by passing, that the quantum aspects of the teleparallel gravity are not well elaborated.
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In quantum theory, the gauge symmetry results in degeneracy and difficulties in the immediate applica-
tion of quantum mechanics, in both Hamiltonian (canonical) and Lagrangian (covariant) formalisms. In this
section, we concentrate our attention on the Lagrangian approach and the path integral technique, which is
an essential ingredient of covariant quantization and provides economic way of getting the Feynman rules

directly from the classical Lagrangian.
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The relevant question is what happens with the diffeomorphism invariance at the quantum level. In
particular, is it true that this symmetry holds after the loop corrections are taken into account? Or, in a more
particular way, does the general covariance hold in the counterterms that cancel the divergences of the effec-
tive action in the model of QG? In what follows, we shall see that the answer to both questions may be positive
for a variety of the QG models.
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Since QG represents a particular type of gauge theories, the quantization of gravity should follow the
same rules as in other gauge theories. The covariant quantization of gauge theories has made a long way
starting from the famous work of Feynman [4] where the non-unitarity of S -matrix in Yang-Mills [5] and
gravity theories has been found within the approach based on a naive quantization procedure. This procedure
was developed in quantum electrodynamics (QED), which is an Abelian gauge theory. Later on, consistent
covariant quantization of the Yang-Mills theories has been found in the papers by Faddeev and Popov [6],
and DeWitt [7]. The functional integration measure that appears in the course of quantization [7] can be
encoded into an additional functional integration over the so-called ghost fields or Faddeev-Popov ghosts [6].
The Faddeev-Popov method operates with the complete (also called total) quantum action which is a sum of
the initial classical action, the ghost action, and the gauge-fixing action. The total action should be used for

the construction of generating functional of Green functions.
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The first proof of the gauge invariant renormalizability in the Yang-Mills theories has been given by ’t
Hooft and Veltman in [8, 9], which was an important contribution to creating the quantum field theory (QFT)
foundations of the standard model of particle physics and its extensions. These works have been awarded the
1999 Nobel Prize in Physics “for elucidating the quantum structure of electroweak interactions in physics.”
The proof of renormalizability was based on the basic Ward identities, which was a very complicated approach.
Soon after that, there were developed new powerful techniques of exploring non-Abelian gauge symmetries at
the quantum level. One of the most remarkable discoveries in this respect was that the total Faddeev-Popov-
DeWitt action is invariant under global supersymmetry called the BRST symmetry (named by Becchi, Rouet,
Stora, and Tyutin) [10-12]). The nilpotent BRST charge plays a crucial role in the construction of the physical
state space of any Yang-Mills -type theory allowing to define the gauge-independent and unitary S -matrix
[13].
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The most efficient way to explore the gauge symmetry at the quantum level is the Batalin-Vilkovisky
technique, which is a natural extension of the DeWitt-Faddeev-Popov [6, 7] procedure and the Becchi-Rouet-
Stora and Tyutin (BRST) symmetry [11, 12]. The Batalin-Vilkovisky approach can be most successfully applied
in the theory of the Yang-Mills type when the generators of gauge transformations form a closed algebra. We
shall see, in the next sections, that QG, with the diffeomorphism invariance as a gauge symmetry, belongs
to this class of theories. Another relevant restriction is that there should not be other symmetries that can
“compete” with the diffeomorphism invariance at the quantum level. A simple criterium to see whether
an additional symmetry is really spoiling the renormalizability is to check whether there is a regularization
preserving both symmetries at the same time. In all known cases, the lack of such symmetry means there
are quantum anomalies. A typical example is the local conformal symmetry or the Weyl symmetry. It is
expected that the anomaly violates the renormalizability of the theories of QG (contrary to the QFT in curved
space-time) with this symmetry at higher loop orders. However, since this is an advanced (and not very well-
elaborated) subject, we shall not be concerned about it in the present review. Thus, in what follows, we assume
the use of dimensional regularization and the absence of conformal symmetry.
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The Batalin-Vilkovisky technique implies introducing additional objects called antifields. With anti-
fields, the BRST symmetry and the corresponding equations for the effective action (Zinn-Justin equation
[14] and Slavnov-Taylor identities in Yang-Mills theory [8, 15,16] ) become more straightforward to analyze.
The gauge invariant renormalizability guarantees that in all orders of loop expansion for the quantum effec-
tive action, one can control deformations of the generators of gauge transformations, which leave such an
action invariant. In the background field method, one can maintain general covariance of the divergent part
of effective action when the mean quantum fields, ghosts, and antifields are switched off.
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The traditional (and correct) view of the difficulty in quantizing the gravitational field is that the quantum
GR is not a renormalizable theory, while the renormalizable version of the theory includes fourth derivatives
in the action [17], and therefore it is not unitary. In the last decades, this simple two-side story was get-
ting more complicated, with the new models of superrenormalizable gravity, both polynomial [18] and non-
polynomial [19-21]. Typically, these models intend to resolve the conflict between non-renormalizability and
non-unitarity by introducing the finite or infinite amounts of derivatives compared to the fourth-derivative
model [17].
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The main advantage of the non-polynomial models is that the tree level propagator may have the unique
physical pole corresponding to the massless graviton. At the same time, the dressed propagator has, typically,
an infinite (countable) amount of the ghost-like states with complex poles [22], and hence the questions about
physical contents and quantum consistency of such a theory remains open, especially taking into account the

problems with reflection positivity [23,24].
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On the other hand, within the polynomial model, one can prove the unitarity of the S -matrix within
the Lee-Wick approach [25] to quantum gravity in four [26] and even higher-dimensional space-times [27].
Furthermore, it is possible to make explicit one-loop calculations [28] which provide exact beta-functions in
these theories due to the superrenormalizability of the theory. In the part of stability, the existing investi-
gations concerned special backgrounds, namely, cosmological [29, 30] and black hole cases [31-33]. While
the black hole results do not look conclusive, the results for the cosmological backgrounds provide a good

intuitive understanding of the problem of stability in the gravity models with higher derivative ghosts.
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Independent on the efforts in better understanding the role of ghosts and instabilities in both polyno-



mial and non-polynomial models, it would be useful to have formal proof that, at the quantum level, these
theories are renormalizable or superrenormalizable. The first proof was given for the fourth derivative quan-
tum gravity [17], with some simplifications and generalizations achieved in [34,35] as an application of a
general approach [36]. Recently, there was a renewed interest in this subject, in particular, the proofs of the
general-covariant renormalizability in the general types of local [37] models of QG and even a more general
Batalin-Vilkovisky-based proof of a gauge invariant renormalizability in the general models of quantum grav-
ity, which may include higher derivatives, including polynomial or non-polynomial models [38]. In what
follows, we shall closely follow the last reference, just adding a few more details.
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The review is organized as follows: In section "Quantum Gravity in the Background Field Formalism,”
we formulate the Batalin-Vilkovisky formalism combined with the background field method in QG. In section
”Gauge Invariant Renor-malizability,” this formalism is applied to the formal proof of renormalizability in the
model of QG of the general form. On top of that, we discuss the gauge fixing independence of the vacuum
functional and of the gravitational S -matrix.
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Section A Short Historical Review and More Special Notes” contains the short historic note, the extended
list of the main references (which certainly remains incomplete owing to the limited size of the review), and
a brief discussion of the requirements on the gauge theory which enable one to use the Batalin-Vilkovisky
formalism. In section “On the Gauge Fixing in the Higher Derivative Models,” the gauge fixing in the higher

derivative models is discussed. Finally, in section "Conclusions,” we draw our conclusions.
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Condensed DeWitt’s notations [39] are used in the review. Right and left derivatives of a quantity f
with respect to the variable ¢ are denoted as a’f and ’; correspondingly. The Grassmann parity and the
ghost number of a quantity A are denoted by E(A) and gh (A) , respectively. The reader can see Eq. (22)
for the definition, in the last case. For the sake of generality, we perform all general considerations for an
arbitrary space-time dimension D . Let us note that this is different from the previous chapter of this section
of the handbook, where it was assumed D = 4 . The condensed notation for the space-time integral in D
dimensions, /' dx = /' dPx, is used throughout the text of the present chapter.
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Quantum Gravity in the Background Field Formalism
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Our purpose is to explore the gravitational theory based on an arbitrary action of a Riemann’ s metric
So (g) , where g = g, (x) . In what follows, we usually omit the indices in the arguments of functions or

functionals. The action is assumed invariant under the general coordinate transformations:

BIWEHNRRRETEEREERIFHE S, (9) W51 HEIL, Hifig=g,, (x). fEFxXH, Fi]
2 IRz B R RIS, RIEZIEH B — R AR TR

, , x* 9xP
x'H=x"(x), g/w (x') = xR ax,vgaﬁ( x). ®

The standard examples of the theories of our interest are Einstein’s gravity (GR) with a cosmological

constant term:

BATIA R EERI BRI ATAR IS 72 3 i O Z RIEE [ (7 EX )

Surt (8) = f dxy/=g (R + 2A) @

and a general version of higher derivative gravity. The corresponding action is described in Chap. 8, ”The
Background Information About Perturbative Quantum Gravity”:

PAR B S5 IR — B W MAEHREES 8 & “MIR T35 ERIMA” Fnd

5@ =S @+ [ ey R () Roes
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Here, IT, , 3 are polynomial or non-polynomial form factors in the quadratic in curvatures part of the
Lagrangian, and the last term represents non-quadratic in curvature terms. In quantum theory, action (3)
may lead to the theory which is non-renormalizable, renormalizable, or superrenormalizable, depending on
the choice of the functions IT; , ; (x) and the non-quadratic terms.

AR, oy, 5 SRRIASEA H AR I 0 B 2 e AR 2 OB IR 7, e — TR HR PR
R, R THEICH, BURTEEIL , 5 (o) FIEHERIRYESE, (R 3) SHRYEIEA] DUZ
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The dimensional parameter M? in the form factors IT, , 5 is a universal mass scale at which the QG effect
becomes relevant. For instance, M2 can be the square of the Planck mass, but there may be other options,
including multiple scale models, as analyzed in [40]. For the analysis presented below, these (otherwise im-
portant) details are irrelevant since the unique necessary feature is that the action S (g) is diffeomorphism

invariant.

AR F 10, 5, FERNSE M? BET 5 IRIHA T B EIEREARE, fla, M? AU
RAVE SR AT 77, (HMAZAEHAMATRE, SOk [40] T Z AR EEREAY, WT RS2 o, x4t
(REAGREZER) ITHFAHK, ENE—-BZERZRAZEHR S (g) e AL,

In the infinitesimal form, the transformations (1) read

el (1) FEFs/IMER AT A N

x'H = xt+ f,u (x)=> g;w (x) = Euv (x) + 5g;w (%), 4)

where

=

5guv (x) = _go‘ (x) aag/,w (x) - gua (x) ayé‘a (x) — 8ov (x) a;,cga (x) . (5)

On top of (5), we also need the transformation rule for vector fields A, (x) and A* (x) ,

BRT (5) X, FNEFERET A, (x) F1AX (x) BIEEHGHLNI,

6A, (x) = =7 (x) 0oA, (x) — Ag (x) 0,87 (%), (6)

SAH (x) = —=§7 (x) G5AH (x) + A7 (x) 358+ (x). (7

The invariance of the action S, (g) under the transformations (5) can be expressed in the form of Noether
identity:

TEFR S, (g) TE2EH (5) PHIAZMERT DARIARHEF RFRN:

35, (8) _
/de5gyv (x) =0. (8)

Let us present the transformations (5) in the form

PATRZER (5) B g MEK

5,0 (X) = f dyR s (5,7:8) € 7). ©

where the generators of gauge transformations of the metric tensor g, with gauge parameters £ (x) are
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R,uua (x,y;8)=—6(x—Y) aag;w (x) = 8uo (%) 3,6 (x — )

—8ov (X) aya (x—y). (10)

The algebra of generators (also called algebra of gauge transformations) can be easily verified to be

AIDMRA ZRIE, AERTTRIRE (AR RTE A HARE)

SRuyo (X, 3 8) SRy (x,2;8)
du| 227 °"p u,z;8) — N il A u,y;
f [ 5go(ﬁ (L[) aﬁy( g) Sgaﬁ ('Ll,) ocﬁa( y g)

_fduRuvl (x, u;g)Fcfy (wy,2), (11)

where

=

)
Fip(x,y,2) = 8 (x — y)ag —5(x — z)—5(x—z)ééﬁ5(x—y),

Fl3 (x,,2) = —F}, (x,2,y) (12)

are structure functions of the gauge algebra which do not depend on the metric g, .
T M T ML g, HIMLTEAEES A PR AL

The algebra (11) holds independently of the form of the covariant action. Thus, any covariant theory of
gravity is a gauge theory with closed gauge algebra and with the structure functions independent of the fields
(metric tensor, in this case). Thus, QG is a theory of the Yang-Mills type.

& (1) AL S R EREREIUCR, B, s D BEISER A Aa USRI RE L,
HESHR BT FEREE TAEMKER), B, &350 M- KREmEie,

Starting from this point, the analysis of renormalization is pretty much standard, but it is important
to introduce one more important element in our considerations. It proves useful to perform quantization
of gravity not on the Minkowski spacetime with the constant metric tensor 7,,, but on undefined external
background, represented by the metric tensor g, (x) . Introducing an arbitrary background metric provides
serious advantages by using the background field method, as we shall see in what follows. The standard
references on the background field method in QFT are [7,41,42] . One can see also recent discussions of the
method for the gauge theories in [43-46] and specifically for QG in [37].

10
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In the background field method, the metric g, (x) is replaced by the sum

FEEFITTER, EM gy () BTN

g;w (x) - guv (x) + h,uv (x) ’ such that SO (g) - SO (g + h) . (13)

Here, hy, (x) is called quantum metric and is regarded as an integration variable in the functional inte-

grals defining the generating functionals of Green functions.
AL, hyy (o) BETEM, FEE SRR R B2 B H T2 R A AR 2L &

The action S, (g + h) is a functional of two variables g and h and has an additional symmetry correspond-

ing to the transformations

TEFHE So (g + h) /2 g M h PR RRVZE, HEARNMNT NRZE AT PR

08uv = €y and Shy, = —¢,, (14)

with arbitrary symmetric tensor functions &,,, = €, = €, (x) . In particular, this implies an ambiguity
in defining the gauge transformations for g and /. To fix this arbitrariness, we require that the transformation
of our interest has the right flat limit when g, (x) is replaced by 7, . In this way, one can easily show that
the gauge transformation of the quantum metric h,,, , in the presence of external (fixed) background g,,,, , has

the form

HH £y, = £ = £, () RATROMFRI BB, AHBE, &Y g M h EHTAERI 1S X
HBRRMEREYE, B TERY g, (0) BN 1, I, Tl IFTHEATE A ERI AR, B
WAHEER, FRESN (B 507 2,0 I, RTIERL b, HORTEAS BN

Sl (x) = f dyR o (x. 3G + 1) £, 15)

while 6g,,, (x) = 0 and the action remains invariant, §S, (§ + h) = 0.
R 68, (x) = 0 FMEFRIRFFALE, 6S,(8+h) =0,
Because of the similarity with the Yang-Mills field, the Faddeev-Popov quantization procedure is quite

standard (see, for example, the previous chapter of this section for the specific QG details), and the resulting

action Sgp = Sgp (¢, &) has the form [6]
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BT A7 KRETA 20, RIS RIS B L R AR F ARt (BN r] AT B —E X & 510
BARAITHINE), RESGHIRIEMR Spp = Spp (¢, 8) UK [6] AR

Srp = So(&8+h) + Sgn (¢, 8) + Sgr (¢, 8), (16)

where the contents of ¢ depends on the choice of the QG model (3), as explained below. In the presence
of a background metric, the ghost action has the form

Hrp ¢ FINERRT TSR E TSI (3) HIER. FERSEMN, R RHRN

Sen (¢,8) = /dxdydz\/ —g ())C% (x) HEY (x,y;8, h) Rgyo (1,28 + 1) C7 (2),

17)

with the notation

FHILS

By > Sxa (x;8, 1)
Hy (x,y;8,h) = =——F—=. 18
Furthermore, Sgr (g, h) is the gauge-fixing action
AN, Ser (8, h) EMVEEIEEH &
Syr 8.9 = [ A/ =EB () o (i ). (19)

which corresponds to the singular gauge condition. For the non-singular gauge condition, the action has

the form

XN A FITEAM TR RAAMS, (FRERN

Syr (310 = [ A/ =E0 B () o (i ) + 35 (9 80 (OB (). 20)

The reader can easily identify (20) as the particular version of the general gauge-fixing choice discussed
in Chap. 8, ”The Background Information About Perturbative Quantum Gravity”, and also note that (19) is a
degenerate version of (20). In what follows, we shall use the form (19), which is most useful for exploring the
general features of renormalization. Finally, y, (x; g, h) are the gauge fixing functions. It is worth mentioning
that the generalization to a more complicated nonsingular gauge fixing, required in the higher derivative
theories, is considered in section On the Gauge Fixing in the Higher Derivative Models.”

BB, (20) 25 8 B “MILETIIE R e s — BTG EE IR BRI R,
WATFERE] (19) /2 (20) FIBILARA, FXHBAITREFERF K (19), B RFTERMH —RIETUR
Ao BIF, xo(xg h) BRTEEERE. ER—RE0ZE, & SEEICHTRN, T 2EE x4k
AAFATLEENAE, RE S FEER P RMTEEE” — T,

12



Now, we are in a position to introduce an important notation used in (16):

MAEFRATAT DA%t (16) FH B EZILS:

¢ = {¢l} = {h,uv’ B%,C“, Cvoc}’ (21)
which is the full set of quantum fields including quantum metric, Faddeev-Popov ghost, anti-ghost, and
the Nakanishi-Lautrup auxiliary fields BY .

CRUSETFEN. BEIRR-ER RS, KRRG-S B* ENNEERT
78

We will need two sets of numbers characterizing the quantum fields. The Grassmann parity of the fields
¢' will be denoted as ¢ (¢') = ¢; . By definition, for ghost and anti-ghost, we have £ (C%) = ¢(C%) = 1, while
for the auxiliary fields B* and the quantum metric, we have £ (BY) = ¢ (h/w) =0.

BAFEMASERFER T, 5 ¢ (HRET AT N £(¢) = 6o BIEEX, HTF RS
5L, He(C%) =e(C¥) =1, TRTHBIG B RETEM, HeB) =c(h,) =0,

On top of this, another conserved quantity, called ghost number, can be defined for the same fields as

BRIEEZ S, BABERTPONIRES E Loy — P Foy R~ E &, B

gh(C%) =1, gh(C*) = -1 and gh(B*) =gh(h,)=0. (22)

Consider the gravitational BRST transformations, which were introduced in [17, 47,48]. For any admis-
sible choice of gauge-fixing functions y, (x; g, h) , action (16) is invariant under global supersymmetry (BRST
symmetry) [10,12]:

FATk#Z &S 1) BRST 28#t, %2 CAE SR [17, 47,48] FRT I N, TR AT 4252 O 70 [ 7 B 5X
Xa (:8,h), TEFE (16) fEEEARXSFR (BRST AFRME)[10,12] NERFEFAZE:

St () = [ ARy (038 + W) C* D)
6B (x) =0
8pC% (x) = —C7 (x) 6,C% (x) u, (23)
6pC% (x) = B* (x) u,
where u is a constant Grassmann parameter, such that u> = 0. It is a remarkable fact that the BRST

transformations (23) do not depend on gauge-fixing condition. One can present the BRST transformations
(23) in the form

13



Hrp u BEBSDIE S, W 1® =0, EISERERZ, BRST 22 (23) MR T MVEEIE &

FATAT DOKs BRST 2846k (23) B NI R

op¢' () = R (: 4, D) 1,

where Rl = {R%),R&), R, RE"C)} and

i h
e R = {Ry, R, Rig, i) | HL

h _ _
R (x:4,8) = f dYR e (X, y: 8+ h) C% (),

R(aB) (x; ¢’ g) =0
Ry (x:¢,8) = =C7 (x) 3,C% (x),

szc) (x;¢,8) = B*(x).

It is easy to see that, in all cases, € (R (x;$,8)) =& + 1.

FHEFH, FEFTAM P e (R (x6.9) =6 +1.

(24)

(25)

There is an important nilpotency property of the BRST transformations (23), playing a significant role in

the proof of gauge independence of the S -matrix on quantum level. To discuss this property, it is useful to

introduce the BRST operator, §, defined by its action of the fields

BRST 2 #ft (23) BA —~ PN EZENTEMN, EEE TREUEN S FBEFERIAEIC M 2455 R HE M

X —MEBL, 51 BRST 54T § BIRVTERY, HXHZRIMERE XN

opp’ =3¢, £(9) =1.

(26)

Let us formulate the proof of nilpotency using the condensed DeWitt’s notations. Acting twice on all the

quantum fields and using the explicit form (23), we get

BAT TR GG FELERF notation SRFRTZ ML, KA BT FTE & F o ERMR, HAH 2K

2 (23), BA15E]

§B* =3§(8B*)=50=0

§2C% = §(3C%) = $B* = 0,

§2C% = §(3C%) = —§(C99,C%) = C99, (3C%) — (3C°) 3,C*

14



= —C99,(CP3,C*) + CP3,C9,C™
= —(99,CP3,C% — C9CP3,0,C* + CP3,C0,C™
= —C9CP3,0,C% = 0,
$2hyp = 8(8hyy) = 8 (RuwsC) = (8Rups) C% + Rypo (3C)
= =0, (88uy) C% — 858y (8C%) — (8840) 8,C°
—8uc% (8C?) — (385v) 9uCo — 85v9y (8C7)

= 05008y CPC% + 0,8,,0,CPC° + 0,8, C?95CP
+058100,CPC? + 058,C° 3, CP + 058,09, CPC + 358,,C?9,CP
+84p050,CPC + 8,,,C%0,0,CP + 8,,0,8,CPCC + g,,C?3,0,CP
+84095CP3,C% + 8,,,0,C?0,CP + 8,,050,CPC? + g,,0,C°I,CF

+8,601CPB,CC + g,,0,C%9,CP =0, 27)

where the anti-commutativity of ghost fields and the subsequent relations

Hrp B RO B AR GRS R

8,0,4C°CP =0, (28)

valid for an arbitrary function ¢ , were used.
ZR R EE R ¢ #RAL,
The BRST invariance of the action Sgp can be expressed as

YEF & Spp FY BRST ANZEMR] AR A

OrSFP pi (3 4. ) —
fdeR (x, ¢,g) =0. (29)

A compact and useful form of the invariance property (29) is called Zinn-Justin equation [14]. To get it,
one has to introduce the set of additional field variables ¢} (x) and extend the action. The new fields ¢} (x)

15



are defined to have Grassmann parities opposite to the corresponding fields ¢ (x) , namely, ¢ (¢))=¢e+1.
The extended action S = S (¢, ¢*, §) has the form

RASPERE IR (29) BO— AN LA TR B BT 7782 [14], WAESI0TR, RINEES|
AN R §F (x) F TRIER R, 315 ¢ (o) ORI B 2 ML HoE SN S RS ¢ (x)
HIR, B c(d) = +1. PIRIGIERR S = 5(p.¢%2) RN

S = Sup + f dxgt ()R (x:$.2). (30)

It is easy to note that the new fields ¢} (x) play the role of sources to the BRST generators (25). With this
addition, the relation (29) gets the form of the Zinn-Justin equation for the action (30):

AHERIR, 37 ¢F (x) #7185 BRST AERUT (25) FUIRIVA B MMARX—TiE, KA (29) MM 1
TEME (30) HUHR-BUNTT T 7514

5,5 &S _
| st s = GV

It is worth remembering that using the left and right derivatives in the last equation is relevant due to

the nontrivial Grassmann parities of the involved quantities.

WREILE, AT RNEEGIAEF SN 2@, £ E—7BEHERESENG SERLE
Ho

Let us introduce the terminology of the Batalin-Vilkovisky formalism [49, 50]. The sources ¢} (x) are
called antifields. Another fundamental notion is the antibracket for two arbitrary functionals of fields and
antifields, F = F (¢, ¢*) and G = G (¢, ¢*) , which is defined as

TNEEANIN G SRR AT 4R ETE K (49, 50] FIRIE, 17 ¢F () RN RF, 75— AR Z
MBI METRIZE F = F (¢,¢*) M1 G = G (¢, ¢*) FIRAES, HESXN

5 F §,G 5F §6,G )

F,.G)= | d - - - . ,
®9= [ (g5t~ e (2

The antibracket obeys the following properties:

RG-S 2 DU PR

(1) Grassmann parity relations

(1) A0 @ AR

e((F,G)=e(F)+e(G)+1=¢((G,F)); (33)

(2) Generalized antisymmetry property

16



(2) I SO PRI

(F G) — (G F) (_1)(E(F)+1)(E(G)+l). (34)
(3) Leibniz rule
(3) FeAm e Rk
(F,GH) = (F,G) H + (F, H) G(-1)" *""; (35)
(4) Generalized Jacobi identity
(4) ] X HERT EESE X
((F, G), H) (=)@ VEEHD 4 vle (F, G, H) = 0. (36)
In terms of the antibracket, Zinn-Justin equation (31) can be written as
B RIES, BE-BHNTHE 31) AIAE
(S,8)=0, (37)

which is the classical master equation of Batalin-Vilkovisky formalism [49,50]. In what follows, we shall
see that this equation can be generalized to the quantum domain. This generalization is extensively used to

analyze renormalization in QG.

XA SRR A 4E R B SU B 32 75 7% [49,50], FXIRMISFEER, %77 DU 2IEF
g, X—HE B AT o R 5 EEALL,

The formulation of the quantum gauge theory starts from the generating functional of Green functions

in the form of functional integral:

BT ITEHIC AT IE MEARRR B Sz BROT 4R,  HZ R By

20.9) = [ dpeso{f (560 @0 +361) = exp{ W 0.2). 39)

where W (J, g) is the generating functional of connected Green functions. In (38), the DeWitt notations

are

Hrb w (J, g) BEBEMARERIA Iz R, (38) R T IE4ERFIC S

I = f dxJ; (x) ¢! (x), where J; (x) = {74 (). Ja” (). Tz () Jec (0)] (39)
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are external sources for the fields (21). The Grassmann parities and ghost numbers of these sources satisfy

the relations

B (21) BISNE, IXEEPRARE S S Ay (R AT R S R

e()=¢(¢'), gh(J) = gh(¢). (40)

Let us start a detailed analysis of the generating functionals and their gauge dependencies from the gen-
erating functional (38). Later on, to complete the program to prove gauge invariance of renormalization in
QG, we shall introduce a more general object Z (J, ¢*, §) , additionally depending on the antifields ¢* . This
extended definition will be given below, and now we work out a more simple case, just to introduce the nec-

essary notions in a more transparent way.

BATNERGZ B (38) TT46, AN AT AL iz bR A HMTEAR I, 5252, N5eUERR 151 h s
RTER BRI, BATESIANE - RIINR Z(J,¢%,8), BHIMRIGT 7 ¢* o BITRAET
EEHIXMETE X, BAERNCIT IR E R ARG, DA S A AIE,

As a first step, consider the vacuum functional Zy (g) , which corresponds to the choice of the gauge-

fixing functional (29) in the presence of external metric g,

B, BEATZN Zy (9), ENNMAFEEINEM g NHTVEEEZHE (29) FYIEHR,

2o ® = [ ey [so@+h+ V@ ORED] =ew{;Wu @), (41

where we introduced the operator

HAABAMN5IA TR

5,

R(¢,8) = /dx 5¢i (x)R (x:¢,8) (42)
and the fermionic gauge-fixing functional ¥ (¢, g) ,
AR B R BIRVEE EZ ¥ (4, 8) ,
W49 = [ AV RO (g h). @3

Taking into account (42) and (43), the expression in the exponential in the integrand of (41) is nothing
but %SFP (¢,8) . Thus, the expression (41) becomes

2R (42) f1 (43), (41) BRREPIEE ERIERTE 2 %SFP(qs,g)o R, (41) 75N

2y@® = [ dperw{i5er 9.2). @)

which is just (38) without the source term in the exponential.

18



XIERA SRR (38),

The main advantage of using the fermionic gauge-fixing functional ¥ (¢, g) is that it is a scalar function
that contains the information about the gauge-fixing function y, (x; g, h) . In particular, the possible change
of the gauge fixing can be explored by evaluating Zy, sy , which is the modified vacuum functional corre-
sponding to W (¢, 8) + d¥ (¢, 8) . Here, ¥ (¢, 8) is an infinitesimal functional with odd Grassmann parity.
Besides this requirement, 8% (¢, ) maybe an arbitrary variation corresponding to the change of y, (x; g, h) in
Eq. (43).

FEAZOR T REEEIZE ¥ (¢, 9) MEZEMBET, B2 PEEMVEEIEEE xo (x; g, h) 2EME
BRI, BAATE, BT PSR HEX N T W (¢, 8) + 6% (¢, ) FBIERTIZN Zy, 5w, K
WFFERLTE AN E Al RER AT, AL 8 (¢, 8) = B A ArBUs i @ T PRI T 75/ Nz, PRiX—%
KL, 6 (¢, 8) FTLLRM M (43) 1 o (x; 8, ) ZAHHERZE S

Taking into account (44), with the new term, we get the vacuum functional with the variation of the
gauge fixing:

ZIERIX (44), MAFIUEEAN S ZIRIEEE 20 THIESZH:

Zusov @ = [ dpew|f [s0r (6.0 + ¥ @ DR D). (45)

The next step is to make the change of quantum variables ¢ in the form of BRST transformations (23),
but with replacing the constant parameter u by a functional u = u (¢, g),

TR E TR ¢ 1% BRST 224 (23) KB AL, AR E RSB u B HIANZE u =1 ($.2),

¢ (x) = ¢ (x) = ¢ () + R (0,2 u($,8) = ¢' (x) + A (x). (46)

In what follows, we shall use compact notations for the generators R! (x;¢,§) = R!(x) and for the
functional u (¢, §) = . Owing to the linearity of BRST transformations and the absence of derivatives acting
on the parameter u , the total action Sgp (¢, §) remains invariant under (46) even for the nonconstant yu .
It is easy to check that the Jacobian of transformations (46) reads [51] (Let us note that the Jacobian of the

transformations (46) can be evaluated exactly [52,53] but we will not reproduce this calculation here)

TR, FATHAERTTR (x:¢,8) = R'(x) HIZH 1 (4,8) = u RAREILS, HT BRST 2Lk
YR, BARGFEERESE u HNSE, R u R2EE, EIEHR Spp (4, 8) 1£ (46) FHR
PRIFAZE, AHEIGIE, 2Dt (46) BYFERT LEATHIEON [S11(FFEHANE, ZDHt (46) BUTER] LbAT515R
AT DARSHATEER [52,53], ASCAEIIZIHRIERR)

7=1.0) = exp [ axt-1"mi 0], (7)

where matrix M! j (%, ) has the form

AR RERE M (x,y) TER M
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M (x,y) = M — (_1)€j+1 Op Ri (x) — (_1)Ej(5i+1) 51Ri (x)

j 567 () 367 () 361 ()

(48)
In the theories of the Yang-Mills type because of the antisymmetry of the structure constants, there is the

following relation:

TER-AR/RERBR BT, B TEEREBEARONTRE, MR XA

f dx(—l)si% =0. (49)

This relation can be verified using the definitions (25). Using (49), from (47) and (48), it follows that

R AP DA E X (25) 5k, FIAR (49), H (47) F1 (48) AJ1§

J = exp{—u ($.8) R(¢. &)} (50)

where we used the operator (42).
HACFRATMER 173K (42) FRIEFRT,
Choosing the functional u in the form

RHZ B p BOS AN ME

k=T, (s1)

one can observe that the described change of variables in the functional integral completely compensates
the modification in the expression (45) compared to the initial formula (44). Thus, we arrive at the gauge

independence of the vacuum functional

AR, T2 B AR e 2 ARTH T3 (45) XAIEA A (44) BEIE, RIEBASE]
A Z RAAYe ekt

Zy (@) = Zyysw (8). (52)

The last identity can be written as the vanishing variation of the vacuum functionals Z or for W, as
introduced in (41):

E—1EEXA NG NEASZH Z KA, BONRL (41) HEIAR W ZE N E:

84,7 (8) =0 or 8,W (g) = 0. (53)

The invariance (52) shows that we can omit the label ¥ in the definition of the generating functionals
(38).
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AR (52) KB, TATATDAEARIZ R (38) HYRE SR AEIEARTE W o

The importance of the invariance (52) is related to the equivalence theorem by Kallosh and Tyutin [54].
This QFT theorem states that if the vacuum functional is invariant, the S -matrix does not depend on the
gauge-fixing choice (see also [55, 56]). In the QG case, the existence of the S -matrix requires that the back-
ground metric g,,,, admits asymptotic states. In particular, this requirement is satisfied if there is a flat Minkowski
metric in some extremes, such that, in these regions, one can form asymptotic in and out states for the gravi-
tons or, more generally, for the gravitational perturbations over the flat space-time. If this condition is satis-
fied, the invariance (52) implies that the S -matrix in the QG theory does not depend on the gauge fixing. One
can say that if the theory and the physical situation to which this theory is applied admit the construction of
the S -matrix, the last will be independent on the choice of the gauge-fixing conditions.

AN (52) BIEZNES Kallosh A1 Tyutin f2 HEYSFOTERE [54] MK, ZE TR E A, HH
ZIZHEARLN, W SRR T VG EE RERE (55 L [55, 56]). ERTSINEET, SR
A EEOR T FUEM g, VFINESIFE, AT AR ERIR TP ER R, %4 FRT AT 2
FEIXEEX A, BATA] DUE RS [ F RIS, kA, BB, o] DUERCFERZE B5
NS, FIZFEMHRRE, NEN (52) BRE RT3 BIeHR S FERE A T ALTE R E,
FTDATE, AnSREE DGR IHIC I PR 5 AR VIS S FERE, R 2R Rl A Akt TRV [
AR,

It is remarkable that we can make such a strong statement for an arbitrary model of QG, even without
requiring renormalizability of the theory or the locality of the classical action. Let us stress that the statement
formulated above is valid only within the conventional perturbative approach to QFT or to the QG, as partic-
ular case. On the other hand, the situation may be completely different in other approaches. The discussion
of these situations (including the asymptotic safety scenario in QG) and further references can be found in
Ref. [38].

EHFEERZ, BB ERR 75 ES LA gt EEAFREZHIgn] R
e, WARELMERNERNS T, FERRNE, RS NER TR SMILTT IR iL
SR, MRS BERL, 577, EHAMTRTER A e R E, KT
XEAEN (USR5 EEnE 225 BITHEHIE 227 Skl DAESCHR [38] FHRE],

On another hand, in QG gravity, the S -matrix can be hardly seen as the object of central interest. One of
the reasons is that the gravitational fields in the asymptotic states should be free and this cannot be provided in
the framework of general relativity. On the other hand, the main applications of QG are assumed in cosmology
and black hole physics. And in both cases, there are no direct relations to the scattering problems, and the S
-matrix does not look the most appropriate object to explore. Taking these points into account, it may be more
advantageous to work with the effective action, taking control of its non-universality, i.e., the dependence on
the gauge fixing and, more generally, on the parametrization of quantum fields. Let us now see how this can

be done.
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H—JiE, ERTF5I0F, SHEMERERSFRROMANR, REZ—ET, #HLSHr510MN
SR EBEA, M) SIS RAEZRTICTAR I — R AN, B 5N A BIA N R T 5 ¥
FISRTR B, TIX 3887 AT A O R A BRI, Rl S FERE RO A2 i S IE BT Tt
R, BEIRXERR, FREREMENREANS, RNBMNFEEEERREE, 2
MREEE R, B, 2XE TSR, TEBMERE IR — TN R,

The effective action I' (®, g) is defined by means of Legendre transformation:

ARIEHE T (2, g) B B LR e AN

I'(@,8) =W, —J®, (54)

where @ = {®'} are mean fields and J; are the solutions of the equations

Hrh o = [0f) B, 5, B AR

SW(J.8)
5J;

In terms of effective action, the property (53) means the on-shell independence on the gauge-fixing con-

=& and J,®' = f dxJ; (x) ® (x). (55)

dition and can be cast in the form

RAERSEHBRIRRTTE, M5 (53) BWRE 72 EMVEREIE Ao, AT U5 pdn M

Sy (P, )| sr@p _, =0, (56)
o

i.e., the effective action evaluated on its extremal does not depend on gauge.
WYL, (EMRMELTHRAS BRI AR BT TR,

Until now, we did not assume that the background metric may transform under the general coordinate
transformation. This was a necessary approach, as we mentioned after the definition of the splitting (13) of
the metric into the background and quantum parts. However, when the effective action is defined, we can
perform the coordinate transformation of the background metric g,,, , together with the corresponding trans-
formation for the quantum metric. Taking a variation of the background metric g,,,, under general coordinate

transformations, we get

FIHATNIE, BATEEA R SRR DAME) AR N AR, IEANERATIEE X (13) R R
SIINHE SR ME T 2 JEREIN, KRBT R, BEABIERREE GESUG, BT
DARS T RN g0, TAATARRRAL G, (RIS XY B MR N AL e, W R 8,0, 15 SCABPRAS R
NEESY, BAHGE

555)g_;w = R,uvcr (&) . (57)
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Here, the symbol (c) indicates that the transformation concerns the background metric, i.e., it is per-
formed in the sector of classical fields. It is important that this transformation does not lead neither to the
change of the form of the Faddeev-Popov action (16) nor to the change of the transformation rules for the
auxiliary and ghost fields.

AT S () RINZAIE N B REM, AERELMBXTHITH, EEAE, X PNEHRER
RUCETRFEIR - R EH & (16) BITESK, A RSB T 7 B 2R B

In the quantum fields sector &, , the form of the transformations is fixed by requiring the invariance of

()
the action:

ERTIRIX hy, o, ZHREERE1ER BRI ZRE:
8 My = Ry (W) 0% = =705 hypy — hyg0,00% — hig 8,0, (58)

where the symbol (q) indicates the gauge transformations of quantum fields. For the action, we have

HAPfFS (@ B FoilieZs, T EHE, &N

8,50 (@ +h) =0, 5, =069 +8D. (59)

With these definitions, for the variation of Z (g) , we have

IRPERX T X, Xt Z () A vl 15

597 (g) = f 43 [6950 (& -+ 1) + 85 (6,2) + 6857 (6, 2)]

xexp{ £Srp (4,2)]. (60)

Let us stress that, for a while, we consider only the transformations of g, such that 5@ does not enter
the last expression. At the next stage, using a change of variables in the functional integral (60), we have to
arrive at the relation 52 (8) = 0, that is, to prove invariance of Z (g) under the transformations (57).

TEEANE, HATRNMEE g 192, Fit 6@ ARHMERERXNMRIEXF, £ F MK,
BAVFIFZ RS (60) FRIIAS RS, RADEFIRR 652(9) =0, HRIEAT Z (g) 1E25# (57)
TR,

The gauge-fixing action S, (¢, g) depends only on the three field variables h,, , B¥ , and g, . For hy,
and g, , the transformation law has been already defined in (57) and (58). Thus, we need to define the
transformation for the remaining field B* . The new rule 52‘})B“ should compensate the variation of Sg ¢ (¢, g)

caused by the transformations of g,,, and h,,, . The corresponding condition has the form
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MG EF R S,y (6,8) (R MR by . B gy 0 T hypy Tl g, S ELE (57)
i (58) HPE X, IRLIRATR T2 SIS B HyAsHt, MMM 6B RISHEM g, 1 by, HOZEHS ]
I Sgp (6,8) 5, RBIRIERAN

8,Sgs = f dxy/=g [(65 B + w?3,B%) 1o (8. 1)

+B%w05 2 (8, 1) + B*6,, X (8 h)] .- (61)

The transformation of the gauge-fixing functions y, cannot be defined independently since they are
constructed from the metric and the last transforms according to Eq. (57). Thus, the variation of the gauge-
fixing functions y, has the form of the vector field transformation (6):

AT E Ry HVASHRTEIEINIE X, RN EA T RIS, mEMATZEHRE R (57) At
I, MUVEEIE R x, IR B AR (6) RUTE

SwXa = _waaa)(a - Xaaawa- (62)

It its turn, the transformation of the auxiliary field B can be chosen according to the same vector rule (7).
This gives

MR, HHBIY7 B B ] DAZAH R R Ta &N (7) EEY, B S E

sDBa = 03, BY + B9, . (63)

It is easy to check that (62) and (63) provide the desired invariance in (61),

RRERIE, (62) F1(63) LAt T (61) "HERAG R A,

8.,Sgs = 0. (64)

In the same way, one can confirm the invariance of the ghost action:

(A1 FE AT DAUE R 2 5 1 Y B A A

Sngh =0 (65)

for the vector transformation laws for the ghost fields C* and C% :
XTI C* F1 C* H A E AR AN
8P C% (x) = —w? (x) 8,C% (x) + CPO % (x),

8 C% (x) = —w? (x) 3,C% (x) + CP3 0% (x). (66)
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All in all, we can conclude that the total Faddeev-Popov action Sgp is invariant

ik, BATATAGHEEIE: SIEEIR- B RE & Spp &

6,SFp =0 (67)

under the new version of gauge transformations, which is based on the background transformations of
quantum fields ¢ and of g, i.e.,(57),(58),(63), and (66).

TERRLTEAH AL, IZAEE T BT ¢ fl g BE LN, BI(57). (58). (63) F1 (66)

As a consequence of (67), important property (44), and the invariance of the integration measure, the

vacuum functional possesses gauge invariance:

1 (67). TER (44) DARARM NI RIS, HAZ o BA et

§,2(8) =657 (g) = o. (68)

As we shall see in what follows, one can use Eq. (68) to prove the gauge invariance of an important object
called the background effective action, i.e., the effective action with the switched off mean fields, I'(g) =

['(® =0,8) . The required feature can be formulated as

BAIETRZEE], MAK (68) AILUEA—PMEENR —HRAREHE, AV Q) =
[ (® = 0,8 MEFFHIHBREMNE—RIRTEAZLNE, FrfthinT ARIR N

55T (g) = 0. (69)
Let us note that switching off the mean quantum fields ® = {h, C, C, B} requires special care, and we shall

see how this should be done. Then, the resulting relation (69) is one of the main targets of our consideration.

HER, KHFYRETY @ = {h,C,C, B} HEFHICE, BATXUHIEMRICETT R, HILERE
KA (69) BEAFFRAIZLBIRZ —,

It is useful to start by exploring the off-shell gauge invariance of the generating functionals of our interest.
To this end, it is useful to present the background transformations (57), (58), (63), and (66) in the form

BATR G MR FEIRA VT SR B A T2 BRI BT TE A E AT, ikt RATAT LR SR (57).
(58). (63) #1 (66) 5 4 M\

888 = Rupo (8) 0%, 8591 = RL () 0°, (70)

where the generators R. (¢) are linear in the quantum fields ¢ and do not depend on the background
metric g . Utilizing these notations, the general form of the transformation of an arbitrary functional I' =
I (¢, &) can be written in the form
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HPAERTE RL () MR T ¢ RN, BB EREN g, FAXEDS, [LRSHT =
[ ($8) B —MHRAT IS

_ s@© “rt pi P
%F—%F+5¢R(@ (71)

Consider the variation of the generating functional Z (J, §) (38) , under the gauge transformations of the

background metric

BAPRERE R EMPTET 0 N AERIZK Z (7, 8) (38) A5

6209 = 1 [ dg6ser @D e {5 (560 0.0+ 01} (72)

Using the background transformations in the sector of quantum fields ¢ and taking into account that for
the linear change of variables the Jacobian of this transformation is independent on the fields, we arrive at

the relation

N

HMARTS ¢ M BIE R, FNSEZRN T4t 8,
AT AR 240 R R AR

T HER] AT G TER, &

7 [ 46169500 0.0+ 169 8} exp  [51p 6.8) + 391} =0, 73)

On the other hand, from (67) and (73), it follows that

B—J7HE, H(67)F(73) A DAHEH

8920.9 = [ a2 @o ey 15e0 0.0 +91)

= =Jj
In terms of the generating functional W = W (J,g) = —ihln Z (J, ) of connected Green functions, the

=Ly (h o )Z(J g) . (74)

relation (74) reads

S E AR R B L A28 W = W (J,8) = —ihInZ (J,8), RFI\ (74) ALl

8SW (1,8) = IR, (5;;/)@7 (75)

where we used linearity of generators R% (¢) with respect to ¢ . Now, we can consider the generating

functional of vertex functions (the effective action):

HABANARN TEBIT RE (9) KT ¢ FILMEMB, BUE, BATA DA SR T0MA R8I A iz e, EI
ARERE:

I =T(®,8)=W({,g) —Jo, (76)
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; o w §,T
o) = —— r
where 5]] s 7

=—J; and W =T . (77)

Taking the variation of external metric and the mean fields (70), in terms of I", the relation (75) becomes

RESNBRERLRITAI (70) VS, FIT #0708, KRR (75) 20

6,I j o
50 Re (D) we. (78)

Finally, taking into account the variations of all fields (70) and using the identity (71), we arrive at

89T (@,8) = —

e, BEITHEY (70) KD HARESEK (71), BIEE

5,0 (®,8) =0. (79)

It turns out that the relations (78) and (79) prove the fundamental property (69). In order to see this, one
has to note that the generators of quantum fields (58), (66), and (63) have linear dependence of these fields.
As a result, one meets the following limit for the generators R. (®) when the mean fields are switched off:

A]DAUERA, 2220 (78) #1 (79) UEHH T H AR (69). FBFEFENE, B FHAERTT (58). (66) Fl
(63) WXL BRI, RIt, M7 AR, ARt RL (@) 2 a0 RHER:

lim R (@) = 0. 80
®-0 ‘ ( ) ( )

This relation shows that I is invariant under nondeformed background transformations, i.e., possesses
the same invariance as the classical Faddeev-Popov action.

ZRARRAT EIFPEE R AL, A 52 MEGECR-RBCR R B AR R A 22,

In the renormalization program based on Batalin-Vilkovisky formalism, the extended action is S =
S (¢, ¢*, ) defined in (30). The precursors for the full effective action are the extended generating functional
of Green functions Z = Z (J, ¢*, §) and of the connected Green functions W = W (J, ¢*, ) :

FERT BRI/ R BRI AR R T =P, e 1R ER H (30) & XHT S = S (4,¢%,8) - 72
AR ERTRTIRZ RS PR B B2 Z = Z (7, ¢%, ) FIEmAS AR R A HE 42 iz R
W=w({,¢"8):

20,99 = [ dsen]f 15080+ 101 = exp (3w 0.7 0). (s1)

Our first purpose is to prove that the effective action satisfies the quantum version of Eq. (37). Due to

the invariance of Sgp under background field transformations, the variation of S takes the form

TN EZERRIERARER R ERX 37) WEFFX. BT Spp EERIEHMTAE, SHZE
73Rl LA N
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8, (¢,¢*.8) = $76,R ($,9), (82)

that shows that the action is gauge invariant on the hypersurface ¢; = 0.
IXREWEH R ¢] = 0 LRI,

Using the condensed DeWitt’s notation, one can write the variations of the generators &, R! (¢, g) in the

following compact form:

i FELERF I GEICTE, FRATTAT DAZERTT 6,RE (¢, @) R T NI R REFA:

h _ _ _
8,R% ($,8) = —w0,R7 (& + h) C* — 8,0 Rz (8 + h) C*
—0p@ Ry (§ + ) ct

8wR(p) (#,8) =0
5,Re) (¢,8) = @99, (C16,C%) — C19;C9,w",

8uRe) ($,8) = —w70,B% + B79,0%. (83)

The variations §,,R! (¢, §) are at most quadratic in the sector of fields h,, and C% and linear in the field
c*.

B 8,R (¢, 8) 1EH hyp, F1 C* MIXEFREZ N, 7E3 C* HoA—/,

Let us now consider the variation of the extended generating functional Z (J, ¢*, §) (81) under the gauge

transformations of external metric g :

BUERN 1Y FRAERIZI Z (7, 4", 8) (81) TEANENL g MRS s RO 2E 5

920,89 = [ 665560 4.0+ 155K 6.2}

X exp {% S (6, 6*8) + J¢]} . (84)

Making the change of variables ¢! according to (58),(63), and (66) in the functional integral and taking
into account the triviality of the corresponding Jacobian, we arrive at the relation

MRAETK (58). (63) 1 (66) XHZ KT PHIAL & ¢ fidTT, FHH BN HE AT LLATHIZUR ALY, 3
{IIEEIESA

; f dp {6 Spp (.8 + $16 R (¢, 8) + 0 ¢}
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xexp{ £ [5 (6,49 + 141} = 0. (55)

Combining Eqgs. (84) and (85) and using the invariance of Sgp (67), we obtain

&R (84) #1 (85), FHAIF Spp (67) FIARZEM:, FA15F

20,89 = [ (918K 6.9+ iR @)

xexp| £ 15 #.6°2) + 791}, (36)

or, equivalently,

BE T,

c , s a
6920.4".8) = 5910uR (7 57.8)20.9%.9)

i (hs i
+%Jiaeg<7§)za,¢*,g)w°. (87)

In terms of the generating functional of connected Green functions, (87) becomes

FIYE MR RR B AL Iz R, (87) NAEN

5SW (7, 4%,8) = ¢¥6,, Rl(‘?}l hsj g>1+Jﬂel (?}/)wo (88)

where the symbollmeans that the operator acts on the unit, 1 = 1. In the case of functional derivative,

5 . . . . .. .
one has 51 = 0, but since in many cases the expressions are nonlinear, this is a useful notation.

Hprs 1 FRBE A ERERAIT1 =1 £, NTRESE, ﬁ—d_o HETERZIEI N R
IRFUR ALY, X2 TMEHIES,

The extended generating functional of vertex functions (extended effective action) is defined in a standard

way. Starting from W = W (J, ¢*, §) , introduced in Eq. (81), we perform Legendre transformation:

ToiAA PR AP R AL T2 bR (T e R E ) #2877 e o MK (81) SIARI W = W (U, 6%, 9) H
&, BT EA

. §W 8T
* 5) — * 5 J = ro— _
r@,¢*,8=wd,¢*8 —J0, 57, Y .

(89)

One can easily see that this definition is a generalization of Eq. (54).
PHER HiZE OB (54) HIHE

As usual for the Legendre transformation, from (89), it follows that
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X EnEERR R, (89) IR

Sr (AW i(arr>__k
5Jk< 8J; )x Sdi \5dJi) 5 (90)

It proves useful to introduce the following notations:

FIALANE S 2 1RE R

ik 8,

5,R!(®,4%,8) = 6,R (®,8)1, B/ = @/ +in(r" ) SO

o1

where the symbol (T"" — 1)j ¥ denotes the matrix inverse to

HAE (0 — 1)/% R

0 = 5 (587) 1o (), = (92)

In terms of extended effective action (89), Eq. (88) rewrites as

Y REMEHAR (89) 3, 2\ (88) AlkE H

5,7
51

8T (@,4*,8) = — == RL (®) w® + ¢8R (P, 9", 8) (93)

or, using the relation (71), in the form

BEFHRR (71), HHk

8T (@, 9%,8) = $6,R (2,9*.9). (94)

At this point, we can draw a general conclusion concerning QG theories in the background field for-
malism. At the non-renormalized level, any covariant QG theory has the following general property: the
extended quantum action S = S (¢, ¢*, g) satisfies the classical master (Zinn-Justin) equation of the Batalin-
Vilkovisky formalism [49,50], as we already anticipated in Eq. (37). Furthermore, the extended effective

action T’ = T' (P, ¢*, g) has the same symmetries and therefore satisfies the same master equation:

Fit, BAAILASEE ZE T RT3 IR —ttaiie, ERERENEm L, EThEe
FoI IS AU N E R T RE FEHE S = S (¢, ¢%, 8) & EEEM-AE/R AR B AT XKy
S TR RE-BTTT 752)[49,50], EMIEAAEK (37) FEALMEH, A, VRAMIEME
I =T(®,¢* g HAMRRXRMYE, HtHeR—>ETRE:

(r,r)=o. (95)

According to Eq. (82), the functional S = S (¢, ¢*, g) and, according to (94), also I' = T'(®, ¢*, ) are
invariant under the background gauge transformations on the hypersurface ¢* = 0:
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RIER (82), TZRA S = S(¢,¢*,8), FHARIER (94), BEH T =T (®,¢*, 5), E@hmE ¢* =0 EHH
FRTEA e NER 2 A

8uSlgicy = 0. 8uTlg_y =0 (96)

and, more general, satisfy the relations (82) and (94).

FH, EH, R SRR (82) F (94),

Gauge Invariant Renormalizability

M RS R

Up to now, we were considering the non-renormalized generating functionals of Green functions. The
next step is to prove the gauge invariant renormalizability, which is the property of renormalized generating
functionals. In the framework of Batalin-Vilkovisky formalism, one can prove the BRST invariant renormaliz-
ability. The last means the preservation of basic equations (37) for the extended action S (¢, ¢*, ) and an iden-
tical equation (95) for the extended effective action I' (®, ®*, g) after renormalization. The required identities

for the classical and effective renormalized actions have the form

BE A, BOTHEAER RERMAMSHEEAE R IZE, NP RIEAME N Z A ER N, X2
R RIZ RIS, 1 EEAR-AER A 4E R A RMEZL S, 7] DAIERA BRST A 2En] R,
XEWEERG, H#EHR S (e, 6%, 8) RIEATIIE (37) Ml HRUEH & I (0, 0%, g) KIEHSS
3N (95) 3PRRRAZ, ZeHit B B (LA FH BRI A R R/ T B R R i R R 1EF P 0

(SR’SR) =0 and (FR’FR) =0. (97)

Let us remember that the “classical” actions S and Sy are zero-order approximations of the loop expan-
sions in the parameter # of the bare and renormalized effective actions I and I; . In this sense, Eq. (37) is
the zero-order approximation of Eq. (95) and what we have to do now is to extend these two equations to the
renormalized quantities Sp and I, . Our strategy will be to explore this extension order by order in the loop
expansion parameter 7 . In this way, we can prove that the renormalized actions Sk and Iy obey the gauge

invariance property perturbatively.

FATEE—T, L (EHE S T Sg AR RERIEN R T MERAEREN & I 1ZERITS
Hon FITHIZIIEM, EHE X E, K 37) 23X (95) EHITM, BATBHEFRZ M2 R0XM A
JITEHE BRI R Sp M T o BATHISRESRIZE RIS h B X — KR, IEEIXMITIE,
FATAT DUERH SRR E I & Sg A T LA R RLE AR MR B

BRST Invariant Renormalization

BRST A Hi%x{k
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As it was explained above, our next purpose is to consider the loop expansion in the master equation (95)
and arrive at the conclusion about the coordinate invariance of the n -loop approximation with switched-off
sources. As a first step, consider the one-loop approximation for T' = T'(®, ®*, g) . To provide the uniformity
of notations, we shall use ®* = ¢* for the antifields.

TGN ESCFR, FoAl 18 T oRAY B RR RIS 37512 (95) HAVERIF, IS IRE n BT IRAE
TERZEIR, B2, BAIBIET =T (@, 0*, ) KEREIEM, AGE—FFS, BIHERIILN o* = ¢*

The effective action can be presented in the form

ARAEH R RIS Bl MER

r=T0+0 (k) =S+n[r%, +IE | +0®), (98)

where S = S(®, @, g) is the tree-level action and F(;i)v and F%El stand for the divergent and finite parts
of the one-loop approximation for I'".

He S = S(®, 0%, g) EWEMER R, T, f1 TG, 2BIXTRE T 2RI & B S FIA BRE 7

In the local models of QG, the locality of the divergent part of effective action is guaranteed by Weinberg’s
theorem [57] (see also [58] for an alternative proof and further references). Let us note, by passing, that there is
an exception from this general rule, corresponding to the theories with scalar field(s) and with a spontaneous
symmetry breaking, in the presence of the background gravitational field. In this situation, there may be
nonlocal divergences [59]; however, this can be seen as an exception that confirms the general rule instead of

contradicting it.

TEE TSR E AT, ERER 8RB 7 B s R EAS E BRARIE [57]CEFUERARIE 2
SHEMS I [58]). MfESEH, % —MFNAEE—DBISN: B 5T JIEER, 7 B A FRIERER
b I Ee T A] RE N BARE BUR L [59]; AEIX — BN ERIE T — /&M, HAS5ZFE,

Furthermore, even if the starting action is nonlocal, the UV divergences are expected to be described
by local functionals. The physical reason for this is that the high-energy domain always corresponds to the
short-distance limit. And in the case of UV divergences, the energies are infinitely high; hence, the distances
should be infinitely short, which does not leave space for the nonlocal divergences.

Ak, BIMERIAA1E R BB AR R, RINZ RN 5 e iz e ik, HAER R A MR X e 2
X NCRERE BRI X TERINERL, RERTICH R, BIMEERARTCT /), IREEUR B A E R 2

Since there is a special section of this handbook devoted to the nonlocal QG models, we will not extend
this discussion and just mention references [21,22,60,61]. It was argued in these works that the UV divergent

part of effective action, for a wide class of nonlocal models of QG, is local, including the ones with a nonlocal
(1

classical action. Taking this into account, we can assume that I/, is a local functional. The divergence

determines the form of the counterterms of the one-loop renormalized action, AS = —hl"%i)v , such that the

renormalized action is
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HTFAFMAELTIETNHIEEHE T5I 0K, RATERSRITIE, (X H 25 S0
[21,22,60,61], XETAERGH, X —REIFEEE 75 R (WIELIER &R SR mHIE
W), ARAEFRIEEINE BT R, R ERATAT AR 1), Rz, & BE 7 8
B EBAAE & AS = —AT), H counterterm (R TR) HOTER, R ERE L IERI &N

Sig =8 — Ty, (99)
which is also a local functional.
BREREBIZ K,

Let us substitute the expansion (98) in Eq. (95) and preserve terms up to the first order in 7 . Thus, F(;i)v

and F(fllzl satisfy the equation

K RITR (98) (RATTHE (95), REAEI A —WITT, Al75 T, f1 0% iR

0=(.T)= (5.5 +2n(S.TQ, ) +2n(s.T5) ) + 0(r?)

=2n(8.TG)) + 21 (S.TH)) + 0 (n2), (100)
where we used the zero-order equation (37). In the first order in # , we have a vanishing sum of the two

terms, one of them is infinite, and hence it has to vanish independently on another one. Therefore

HESHERANHE TEMGRE 37, £ n—HF, BONFIRDIIWAAE, EP—PMI2ES K,
KBRS T 55 — NI E T %, KitkE

(s.1%,) =o. (101)
Let us consider
Bl T RHEE
(Sirs S1) = (5.8) — 24 (S, T4, ) + 12 (T4, T (102)

Taking into account (37) and (101), we find the relation

Z5a (37) f(101), FAMFHIRA

(S1r» S1r) = W°E;, (103)

where E, is the known functional. Thus, we have shown that S, satisfies the classical master equation

(37) up to the terms of order A2 :
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Hrb B, ROMZH, HIEIRANER T Sig LM ETR (37), RENEL n? it

1 1
E, = (F(di)v ’ 1—‘(cli)v ) . (104)

Let us now include one-loop corrections to S . The one-loop effective action I3 can be constructed by
adding a local counterterm to the O (%) part of Eq. (98). As usual, the counterterm has the divergent part
which cancels the divergence of F(;i)v , and the remaining contribution is finite and typically depends on the
renormalization parameter ¢ . The dependence on u always repeats the form of divergence which, as we
have seen above, does not violate the master equation. Thus, we can simply use (99) and assume that [} is

constructed by following the procedure of quantization described above, with S replaced by S .

BAEFRATTIARN S B IE, MREARERR L 7 PUERTE (98) B9 O (h) #R G INE BAKTH
RS (RE, AEH ISR, TR RBERS ST TG, AE, FIRTTEAIR, BiEk
AT BB S 1o X p RS RMIZ BEE 8, TIERTT I, XA T,
R BATTA] PREHEAI A (99), AN Tig B IZIRAT SRR & FIUmBEMIER), JFH S Bl Sk
RIAT,

Being constructed in this way, the functional [7 is finite in the one-loop approximation and satisfies the

equation

T AMIERZ E T fEEREDD N AR, Hie i

(Tir.Lir) = W’E, + O (1%). (105)

Now, it is time to consider the next level of the loop expansion. Consider the one-loop renormalized

effective action, taking into account the © (4?) -terms:

MERNIZE BB RIT T —/ T, BRI 0 (7?) UG HREEE A EH R

1 2 2
g = S+ A0 + 72 [0, + 0%, |+ 0 (7). (106)

Here, Fl(z) and Fl(,zf)in are divergent and finite O (#?) parts of the two-loop effective action constructed

, div
(2)

on the basis of S; instead of S . The divergent part I77y;, of the two-loop approximation for I} determines

the two-loop renormalization for S,5 , according to
Mk, o, MLC, ARIRET s MAE S M HE AR RAE B SERES 0 (h) .
WL T L RS T, 1% R S,r OB EE

2
Sar = Sir — WPT{a (107)

and satisfies the equation

Hil e rite
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(S’ 1—‘1(,2c)llv) = EZ-

As the next step, let us consider

T, BIBREE

(S2r,Sar) = W3E3 + 0 (h*). (108)

We have found that S,y satisfies the master equations up to the terms #3E; , where

BAVEI Sop R ETIRE, FEERIA n2E; BT, Hr

1 2
E; =2(T%. 1% ). (109)

, div
The effective action Iy is generated by replacing S,z into functional integral instead of S . Therefore, I

is automatically finite in the two-loop approximation,

ARAEH & T BIERIZ R T S BN Syp Al B L FENEDEMT BB,

Dr =S+ hTG, + W20, + 72 [, + Tk, |+ 0(7*)

, div

and satisfies the equation

Hil e Iit&

(T r) = W’E3 + O (h*). (110)

Furthermore, by applying the induction method, we find that the totally renormalized action Sy is given

by the expression

L, ERIAGNERTR, SEEERERE Sy B PR

o0
Sp=S— 2 WY 4 (111)

n=1

We assume that F,(lri)l, 4iv and F,(l'l)l, sn are the divergent and finite parts of the n -loop approximation for
the effective action, which is already finite in (n — 1) - loop approximation, since it is constructed on the basis

of the action S(,,_)g -

AL T, o FI T, o DBIRARIER R n BOEDUIOR IS SHRES, RERERRE
(n—1) BER FESHR, FENCRETIERR S, HEN,

The action (111) is a local functional and exactly satisfies the classical master equation
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X (111) RfEH BB EEIZE, K et 77

(Sg,Sg) =0. (112)

We have shown that this relation holds in all orders of the loop expansion. This means that the BRST
symmetry is preserved in the renormalized action Sg . Let us note that this corresponds exactly to the BRST

cohomology on local functionals with ghost number zero [62, 63] .

BANELIEHZ X REE BT E M &R, XEWHE BRST MR ERIIEH R Sg H15E]
RE, EER, XBERN BECHZF N E Bz K -/ BRST _LFIE [62,63] o

The renormalized effective action I is finite in each order of the loop expansion in the powers of 7 :

BEREMAEN R T f£LA h FXEITHIE RIT 50 AR A IR:

T =S+ > AT g (113)

n=1
and satisfies the gravitational analog of the Slavnov-Taylor identities [8, 15, 16] in Yang-Mills theory (see
also [1] for the pedagogical introduction), Thus, the renormalized action Sg and the effective action Iy satisfy

the classical master equation and the gravitational version of Ward (Slavnov-Taylor) identity, respectively.

Hi R - R/R BB A Tz i K- R fEAE X (8,15, 16] Y5 12K EE (NI TS ISR [1]).  [HIL,
HEAME R Sg LM TR, AREH R I R IRE (b K- #h) EEXR5 1 EX, =
B RAL

Gauge Invariance of Renormalized Background Effective Action

HREAECHERAUE R A ZTE

The next part of our consideration will be to generalize the transformation relations (82) and (94) for the
renormalized functionals of classical Sy and effective I; actions. As before, we consider the transformations
perturbatively, starting from the lowest orders. In the one-loop approximation, from (94), it follows

PAHE TR FORAET 280 Sp (EFH EFNA R Ik /EH BRI EEIZ R A ZHR R (82) F (94),
Z IR, FAIMEARTFA, MPHbrOX e, fEREIEEUS, H (94) AlfS

5,T (@, 0%, 3) = 6, R (D,3) + hd! s, R\ (@, 0%, g)

+hd!8, R (@, 0%,8) + O (h2), (114)

where we used the condensed notations (91). In the last expression,
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BEAEBATIER 74812155 (91). 1E E—FRIE A,

5,RS) (@,0%,) and 8,RY) (@.0%.9)

are divergent and finite parts of the one-loop approximation for the gauge transformations &, R! (®, ®*, g)
, correspondingly. On the other hand, from (98), we have

IIRERTEANR 5, R (@, %, ) RN ZBER A RRER 2. 5—77H, H (98) FAUFE

5,T (@, 0%, 3) = 6,8 (®, D*,8) + 1S, T}, + 18, T + 0 (h?). (115)
div

The comparison of the two transformations (114) and (115) tells us that

RN 5 (114) F0(115), FATAT1E

8,T%, = ®F6,R) (0, 0%,3), (116)

5, T = @6, R (@, 0%, 7). (117)

From Eq. (116) and the definition (99), it follows that the one-loop renormalized action S;g = S;g (P, ®*, )

transforms according to

H3X (116) FI7E X (99) AIR, FAREIEREILIEH R Sig = Sir (@, %, g) TZIRAN AL 2L

§,S1r = DS, RLY, (118)

where

5

RE" = REY (@,0*,8) = 5,k (@,8) — h6,R) (@, 9%,9). (119)

div

The last relations mean that the action S,y is invariant under the background gauge transformations with
one-loop deformed gauge generators Rjgl) (119) on the hypersurface ®* = 0. Furthermore, due to Eq. (118),

functional Iz obeys the transformation rule

HIRXARM, @I 0* =0 b, 1EAIR S, T MBI RIT RY” (119) RIS R AE
THT AL, 1Hh, B (118) A, 2B L 2N A BN

5,Tig = BI8,R! + hd} s, RV
+h? [ @8, R\ %, + @} 8,R 5| + 0 (1), (120)
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where Rl(zgw =0 R;@gw (®,®*,8)and Rll(zgn =0 Rll(zf)m (@, @*, g) are related to I‘l(zéw and Fl(,z%n in
Eq. (106) as

Heh 5,R%, = 6,R %, (@, %, 8) Ml 6,R, = 6,RE, (@,0%,8) 5K (106) HY I, FI T, 1
RERFR

2 2 2 2
) 1—‘1( c)hv - (D S Rll( C)llV’ 5 l—‘1( I)in - CI)*5 Rll( len (121)

Therefore, the functional I} is finite in the one-loop approximation and is invariant under the back-

ground gauge transformations up to the second order in % on the hypersurface ®* =
(KIte, fEdEim ©* = 0 b, 2 L EREDEMUNER, HETRMEZR T n MR nNAZ

Applying the induction method, one can show that the renormalized functionals Si and I; satisfy the

properties.

AIFHVAZNIERT DOIERH, EEEALIZEE Sk I Ty i i,

8,Sg = ®F8,R,, 8,Tg = ®F6,RE, (122)
where
Hr
8,R, = 8,R — 18, R'$) — h28, R, — -, (123)
SR, = 6,RI + 18, R + W28,R\ 2, + . (124)

It is important that &, R} , defined in (124), are finite. (We note that these statements are very close to
the results concerning preservation of global symmetries of initial classical action at quantum level when the
effective action of theory under consideration is invariant under deformed global transformations of all fields

[64].)

(124) E X1 6,R, AN, FX—m+2EE, @EMEED], L5405 MRS IEREIL:
BB B AR BAEATE SRR AR N AR, Wia4 s 2R BN IEER 7R
T 75 DATRTF [64]0 )

As it was discussed above, the UV divergences in any models of QG are local, even for the nonlocal QG
theories [21, 22, 61]. As a consequence, the quantities 5wR§a ,defined in (123), are local while in both local and
nonlocal models of QG, including the proper transformations §,, . Then, an important consequence of the re-
sults (122) is that the renormalized functionals Sg (®, g) = Sg (P, ®* = 0,g) and [} (®, §) = Ix (P, D* =0, )
obey the symmetry
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IEQNRG AT IeR), HET5171 (QG) BiBIFR I RANR B R E I, BIERIE R E 751
1 [21,22,61] 2N, Rk, (123) & XH&E 5, Ry BEEN, XEREENZHR 5, ENINE
AN R R 5 | IR PR RS, R4, G5R (122) — N EELEIRE, HBMIZE Sp(9,9) =
Sg (@, ®* = 0,5) Fl Tk (D, 8) = Ik (D, D* = 0,3) Tk & X FR I

0uSR(P,8) =0, 6,Ix(P,8) =0. (125)

These are the same transformations as we met for the non-renormalized functionals S (®, §) = Sgp (P, g)
and I'(®, g) in (67) and (79), respectively. Therefore, from (125), it follows the invariance property of the
renormalized background functionals S; (g§) = S(® = 0,8) and ' (g) = I'(® = 0, §) under general coordinate
transformations of external background metric g,,,, :

XL 5 B A1 2 w23 AIAE (67) F1 (79) HIBZEIAEIEIIZER S(@,8) = Spp (®,8) FI T'(®,8) 1Y
s eEl, Kk, B (125) AR, EINEREM g, BT XBFRERHS, HEBMAHERIZE
Sr(@) =S(®=0,8 MTI (g =T(=0,g) e rLEH:

585R (@) =0, 89Tk (g) = 0. (126)

It is easy to see that these invariances repeat exactly the symmetry properties of initial action S (g) and
I'(g) in (68).

PHEE L, XEATHEREINT (68) THIAIERE S, (8) M1 T () FIXHFRIE,

A Short Historical Review and More Special Notes

i R D S Il 55 b S 15 PR

In order to understand better the relevance of the results described above, let us start by presenting a
short historical review of the subject. The first proof of the gauge invariant renormalizability in QG was given
by Stelle in the famous 1977 paper [17]. Despite the considerations in this paper being done for the simplest
renormalizable model of quantum gravity with four derivatives, most of the analysis is sufficiently general and
can be applied, also, to other covariant models of QG. After that, there were further publications devoted to
the invariant renormalizability in QG [34,35,37,38], where the main conclusion about the diffeomorphism in-
variant renormalizability has been confirmed with different degrees of generality and using formally different
methods, regardless if all of the proofs are based on the BRST symmetry.

N T EGF IR B ATASE RIS, BATE JoZbo s i — e e E i, 855077 (QG)
HRIYE A A SRR A B MIER Y Stelle 78 1977 EAYFZIE [17] PG H, REZSEH N B ZH
VU R B e A R R 5 R, (H2 R R EAE R, theliEi T 5 ryHALe
TR, i, AZRE-PIRE T3P E RN TAE [34,35,37,38], REFTHIEAHT
LT BRST X FRtE, HIXLETAEMMEANRNITIE, EARKEEER N T M0 FRRAZER]
HEEMERROAEIL,
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Since QG is a particular example of gauge theory, the program of exploring invariant renormalizability
cannot be separated from the works done in the framework Yang-Mills theories. The most significant achieve-
ment in this respect was the demonstration of BRST invariant renormalizability in the theories which may
be not renormalizable by power counting. The gauge invariant renormalizability, independent on the power
counting, is especially important for the effective QFT [1] and, in particular, for effective approach to QG.
The interested reader can consult a specially devoted to effective QG Section of the present Handbook for
further details. In 1982, it was formulated the first proof for the general gauge theories [65], based on the
Batalin-Vilkovisky formalism [49,50]. The approach employed in [65] assumed the regularization procedure
respecting the gauge invariance of initial classical action and providing zero volume divergences, i.e., with the
condition § (0) = 0 satisfied. The proofis valid for any boundary condition related to an initial gauge invariant
action and for arbitrary choice of gauge-fixing functions. Furthermore, the renormalization procedure of [65]
can be described in terms of anticanonical transformations (for recent developments, see [66, 67]) which are
defined as transformations preserving the antibracket, using the terminology of the standard review paper
[68].

HT &5 7 EMEEIE I — R, SRR A r SRV TAE B A7 - KR TS AESE RRYE
AR %77 T B B L A0 R UE A T 4R BT REAS AT RS B AR B BRST A AEAJ %R
Mo MR RTEAZ R BN G & T8 1], THEZREFSINNERT B NE
2, RO IRE P AE R AF ML I BERE 5| N ETTRBCE 24077, 1982 4F, T H
SER-HE/R AT 4E TS 3K [49,50], IFRE 4 HjT—%)uEIEw}E’Jﬁ/\ﬁEHH [65]o SZHik [65] %Hﬂﬁ’ﬂﬁ%
BOR IENMIT FR T B W1 a2 B e F BRI A2, B BARBULHEL, it 2ife st s(0) =

o KUERHN ST RRTE AN 1 A B SR BRI 5% #F DARAT: B AR ] 72 BRI SO PR AT R Jtt%
SRR [65] FYEE AL AR AT DU IR BN 2R it (ot R 2 L [66,67]), 1RHRE LRSI [68] HY
RIE, XRBHE ONIREE RG-S I AE L,

An alternative, albeit very close, approach to prove the BRST invariant renormalization of general gauge
theories [69], is based on the use of cohomologies of nilpotent BRST operator associated with the adjoint
operation of the antibracket of the action S with an arbitrary functional F, §F = (S, F) [62,63] . The detailed
description of this approach can be found in [68] and in the chapter 17.3 of Vol. II of the book [1]. The
disadvantage of this approach is that it does not directly extend to the background field method.

55— RIERA — R ALYEER e BRST AAZERALIY 75T [69] 52 ARF I, %7 MM E BRST B 1
A ERITE, BT RAE R S FIERIZE F,SF = (S, F) [62,63] KIRIGESHEBEIZE, %77 ERTF
HHEIR AT DATESCHR [68] PANGEAE [1] 55 4658 17.3 B E, X7 AN AR N RE B 25 =Y
7‘3“22?0

On the other hand, the background field formalism [7, 41, 42] represents a powerful approach to study
quantum properties of gauge theories, allowing to keep the gauge invariance (general covariance, for QG), at
all stages of the loop expansion, including in practical calculations. From the viewpoint of the quantization
of gauge systems, the background field method corresponds to the special choice of a boundary condition
and to the special choice of gauge-fixing functions. However, since the background field method requires
the presence of an “external” field in the course of the Lagrangian quantization, this formalism should be
considered as a very special case which requires special care. Indeed, this special case attracted a great deal
of attention recently [37, 43-46].
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H—FH, ERHEAAER (7, 41, 42] 2HAMEEICE TERNE 17715, ©nl DERE R
BRI EE (FFESEPRI ) REFIEA S NE&FIIIME 2 ), NYERS & LR
MEER, BRGTTIEN RIS SRR E & R AR E R, HHTH R EZERAASH &
TFUEEPEFEE—D I 17, FHIZERER 2 TR HE ARG, iz GE R WSS
B T RERIE [37, 43-46],

A few more special notes on the structure of the gauge algebra underlying a given classical system are in
order. Already the quantization of gauge systems using the Faddeev-Popov approach [6] should be applied to
the theories when the gauge algebra is associated with a Lie group, as, otherwise, the quantization may give
wrong results. The reason is that, in these more complicated cases, the gauge algebra may be reducible/open
[70, 71] or structure functions may depend on the fields of the initial gauge theory, as it happens in supergravity
[72-75]. In these cases, the symmetry transformations leave the action invariant, but do not form a gauge
group. Thus, the quantization of gauge theories require taking into account not only the invariance of the
action but also such important aspects as open/closed algebras, the presence of reducible generators, and
so on. The quantization of these complicated theories is possible using different types of ghosts, antighosts,
ghosts for ghosts, Nielsen-Kallosh ghosts, etc. [71, 74-80] (for recent applications to quantization of reducible
gauge theories, see [81-83]). The most general (and the unique completely self-consistent) approach to the
problem of covariant quantization, which summarized all these approaches, was proposed by Batalin and
Vilkovisky [49, 50]. The Batalin-Vilkovisky formalism gives the rules of quantization of the general gauge
theories which may be characterized by open/reducible gauge algebras, with structure functions depending on
the fields of the initial action. The Batalin-Vilkovisky formalism is not only a powerful quantization method,
as it also enables us to explore various complicated subjects and issues in gauge theories [65, 66, 69, 84-88].
And among these important applications, the renormalization of the quantum gauge theories of different
types is one of the main problems. Coming back to gravity, in the next sections, we will see that QG belongs
to the theories of the Yang-Mills type, i.e., it admits the traditional Faddeev-Popov approach and enables one
to prove the gauge invariant renormalizability [17] (see also [35]). However, using the Batalin-Vilkovisky

formalism, we can make this proof more elegant and simple, as we shall see in the rest of this review.

ARENBEZURAT IGHIITEAREETR e THRIAR U, S RTERBOS N2 RE, A REREH]
TEFEHRR- IR R TT 1% [6] MG RGUHAT Rk, BNEF A seSRRAS R, HEET, EX
L 2 RAIIEIE T, MYCAEAT RER RTZUR JTAREL [70, 71] , S S5AL R BUEOM T WA Ve B Y
Y, 5107 [72-75] FRAAAERXARDL, ERXEEEE, NI RARERENE, (EAERRIITE
. Hit, MEHICHEFUANTRESEBEMENAZYE, EREZEIT MRS, FEr
AAESOTFEETTH, RXERERHEICA PUEE AR A, KB, RIHE, E/RH-F#Ht RS
KR T [71, 74-80]CR T AIARMVE B B LRI H, S [81-83]), ELEEHR-4E/R AT 4L
Tt TR AL B LS s (R ME—— D2 B18) FTIE, BE 7 ERFEIRITR (49,
501, EEEEAR-AE/RAT4ERT R 4a tH 7 OMTEE ISR & RN, SXSEAEEIe i DLBH I/ AT
BB, BEESHRBURI TR E B/, EREM-AERAT4EE S A U2 — s KA &+
757k, ICRERBHEA I AU EIE A M 2 SRS A1 [65, 66, 69, 84-88], FEIXLEEE M
B, NRRAEFREEIC R ER RO EZ — EZI5NRIEE, BATREESLETER,
BT3B TR, R eiE G ARIETEIR-RBCR TR, IR AR E /2
OB [17](55 WL [35])e (HIEMNBATEARLZIAR NE D BEIN, (&8 EIEM-4E/RAT4ERT
BB, FATA] DALE IR UEBH B8 fef i (I A
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On the Gauge Fixing in the Higher Derivative Models

rilT SRR A BT e

Equations (122) show that with the antifields switched off, i.e., with ®* = 0, both the renormalized
classical action S and effective action I; are gauge invariant quantities. In particular, this means that if we
restrict the consideration by the standard non-extended generating functional of the Green functions, that
means, without introducing sources for the ghosts C, C and for the auxiliary field B, the effective action will
be metric-dependent and generally covariant functional. This statement concerns both divergent and finite
parts of renormalized effective action. In what follows, we discuss how the gauge invariant renormalizability
can be applied to the renormalization of the models of QG. The rest of this section partially repeats some part
of - Chap. 8, "The Background Information About Perturbative Quantum Gravity”, but we shall discuss the
subject from a different perspective.

RN (122) R, HRFGKABME o = o i, ERR(ZMIERH R Sp MIEMIEH&E I AT AZE
. BRI S, XEWRE WREBA U ErERN TSRS PR AR Gz bR, BIRS IR C, C Figh
B3 B BIR, BB R ERZE— NMEMAMHCR Xz, &GN B ERIER RN A
BB D I RS IR, N SCERATE e ATE AL r] SRRV QNI N A T & 75 | I BRI EE R (b,
ANRIARNEBDEE TH 8 B “MIME T3 NE RN B ANE, ERMNSMAFELA B
it

The use of the power counting arguments in QG models may be especially simple if the following two

conditions are satisfied:

AE AR, RT3 BRI R T EOEIE A% S MA

(i) The propagator of the gravitational field should be homogeneous in the powers of momenta. This
means, in particular, that the free equations for different modes of the gravitational field (tensor, vector, and
scalar) are of the same order in derivatives after the Faddeev-Popov procedure.

(i) 511 AEAE T RN S B ROGTIR, XERE, FEIEPEHRR-IIFCER procedure 25, 5118 At
X K&, RE, &) B E Rizsh s FEEIM B,

(ii) The propagator of FP ghosts should have the same powers of momenta as all modes of the gravitational
field.

(i) FP L HE T R 5 51 A B A MR &7

As we explained in detail in the previous chapter, these conditions are fulfilled if the gauge-fixing term

and the ghost action have the form

ENBATHE b —Z ARy, SRLTEREE U R E BB MR, KWL

Sgf = fd4x\/_g)(“ ozﬁ)(ﬁ: (127)
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Sen = f d*xy/—gC%Y, M5 CP, (128)

where, according to (17) and (18),

Hrh, RIER Q7)1 (18),

M = HE® (.58 1) Roga (0, 738 + ). (129)

The choice of the weight operator Y,z should be done in such a way that the total amount of derivatives
in the expressions (127) and (128) be the same as in the action of the model of quantum gravity under consid-
eration. For instance, in the QG based on general relativity, Y, = 0g5 , Where 6 is a constant gauge-fixing

parameter. In case of the fourth-order gravity, one has to take [17, 89, 90]

IERRF Yo HEEN I 2 : 3N (127) 1 (128) A SFEU S RELS PR &5 | IR EH B i &
BUSIRBARSE, BN, EET T SHHMNIERIRE T 510, Yo = 68, HA 6 BHEBITEEEZSEL
XFrEM51 7, FFE[17, 89, 90]

Y‘xﬁ e 915a5|:| + ezvaVﬁ + 63Raﬁ + 945(1612, (130)

where 0, , ; 4 are gauge-fixing constants. In the case of six-derivative superrenor-malizable gravity model
[18], 6,234 should be linear functions of d’ Alembertian operator [], plus the possible linear in curvature
tensor terms, for the eight-derivative QG the parameters 0, , ; 4 become quadratic functions of [, etc.

Hrb g, o EHTEE R R, AT SRR ERE( B 18], 6,50 BUEIKEATUREAT ] 10
LR, AT SRR ORI TSSO T, S5 6., WASH [ 19 REH,
IR,

An important question is how to incorporate the modified gauge-fixing and ghost actions (127) and (128)
into the proof of gauge invariant renormalizability which we developed in section "Gauge Invariant Renor-
malizability.” The simplest possibility in this direction is to remember that the effective action in the super-
renormalizable QG theories with more than four derivatives does not depend on the gauge fixing [18]. Thus,
the scheme based on the weight function (130) with 0, , 5 4 linear functions of [7] does not affect the loop cor-
rections. This argument looks convincing, but let us present some extra details and refer to [38] for further

discussions.

—ANEEFBE, TR EEERIEEE RS ER R (127). (128) WATNHE “FiEA LA H
BME” A s tHAOILTEA AL AT E R UE R, 1207 R TSR A B BB TE R R, SR EOR T A
AERE 5 HEIET, AREHEAREIEEE (18], Hitt, HETHEEE (130) H 6,,54
N O LRMER 7T RARFEIMEHEIE, ZIRIERARRE, HBRIWPRA HAIMIT, FH 5% [38]
REGE— P TE,

Consider y, = xq(x;8,h) being a standard gauge-fixing function used in previous sections. We can
introduce the set of two differential operators, Yf and Y . These weight operators must have the structure
of tensor fields of types (1, 1) and (0, 2) , respectively, and cannot depend on the quantum metric hy,, :
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B Yo = o (.8, ) R G FHAORRIE AT E 2 B, B3I AP MY EAT S S YE Ml Yigg 0 X
ENERTR2HIESA 1,1) B (0,2) RISk, HAMMT BFEM by, :

Y2 (x,y) = Y& (x.y:2.00) and Yiag (x.y) = Yigs (x.3:2.00). (131)

The next step is to modify the gauge-fixing functions y, , by the following rule:

T TBAHZAN T ANHE IV E B g -

x84 (x;8,h,B)

= f dy [ € (x.%:8.0) 2 038 1) + 3 Yias (5,332, T) B 0)] (132)

and construct the corresponding gauge-fixing functional:

I J AT T Ao T T AL [ 722 P

pmod (g, g) = f dxyZ5C% (x) 4 (x: . . B). (133)

According to what we previously learned, the transformation law of y *° coincides with the transforma-
tion rule of tensor fields of type (0, 1) . Then the modified Faddeev-Popov action is constructed in the standard
manner, using the generator of BRST transformations, R (¢,8):

MRHEBATHRTAIEE L, xrod BREIES (0, 1) BYSK &N — B, FfSFIF BRST 28 #eH)
FEFRTC R ($,8), bRk TGN B & 1 J5 AOTASEEI R - TR b 1 P ik

ST (¢,8) = So (g + h) + ¥ (¢,8) R (. 9). (134)

The explicit form of the second term in the right-hand side of (134) is
(134) 28 — TRy B RN
P G OR@.9) = [ dudydzduyFEICT (0 Y (x,1:8.0)
XHp (U, ;8 h) Ryop (¥, 2: & + h) CP (2)
+ [ dxay/ =565 0 ¥ (38, 0) 15 i

+%B°‘ (%) Yig (x.y:8.00) B (y)] -
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The first term in the r.h.s. of the last formula is exactly (128) with (129). As the transformation rules for
the terms in the Faddeev-Popov action depend only on the type of the tensor fields, all the main statements
of the previous sections remain valid for the new choice of the gauge-fixing functions (132).

AN —TUEREE S (129) JEHY (128), FHTETEHRR-IRIR R Y 2 A 2 A AR B X e gk
BIFIIGGE, W T HVEEE R (132) BUFTEE, FRAS TR AR LESIR TR AL,

To deal only with the problem of the homogeneity of the propagator of the quantum metric h,,,, , consider
a special choice of the weight operator
NLTIFRE TN by, BT RITTRMERE, A1 EAE T — AR PRI Y
Yiag (4.3) = 8oy (00 (Y ) (03,
where fszgf (x,2) (Y‘l)f (z,y) = R x-y),
Y8 (x,y) = Y£ (x:g.0) 8 (x - ). (135)

Integrating over the fields B in the functional integral defines the generating functional of Green func-
tions in terms of integration over fields C%, C% , and huv . As a result, we obtain the functional determinant
that is equal to

TEIZBRF A ) BY )G, ARARER B A 2 B T RoR A  C%, C% 1 hy,,, BIPRITER, B&E&
F2IRZ EA TSI E T

]1/2’ (136)

[Det Y (x,y)

independent on the variables of integration. It is worth noting that the factor (136) is well-known in
higher derivative QG models [18,28,90].

EERNEERICR, HIFEENRE, KT (136) £ &M SE8E 75 | A T2 214512 [18,28,90],
After all, to introduce a nontrivial weight operator, we need to replace

BMEZ, Z3IAIRPBERRT, BAIFER

Pt (g, ) R (6, 8) + f dxy P () B* (x) (137)

by the more complicated expression

B 2 R RIE

f dxdydzy/—g (x)C* (x) Y& (x:8,0)Hy (x,y:8 1) Ryop (9,2 + 1) CP (2)
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—%/dxw/—g‘(X)J(B)“ (x) Yf (x;g,E)JéB) (%)
- f dxy/=g I (x) 1 (x:8. h)

-3 [ VR GI g ¥ (e ) s i . (13)

where the notations

HepfH 7ids

X5 (x;8,h) = g% (x) x5 (x; 8, h),

T (x) = g% (0) 5" (x) (139)

are used. The second term in the expression (138) is exactly what is needed for the homogeneity condition
(127). The total action appearing after integration over fields B* is the sum of the action S, (g + /) plus the
first and the fourth terms in (138). This total action is invariant under the BRST transformations; the last are

now recast in the form

o FIER (138) IS VA LA R TTIRIESME (127) IIER, X137 B* O EREIMNEEH R, 2
TEFHE So (g + h) M1k (138) HEE—TRAISE U IAYA, %S &7 BRST 2B #: NAZE, [l BRST
AR RS R R

Sphyw (x) = / dyR e (X, y:8 + 1) C* (¥) s

6pC* (x) = =C? (x) I5C* (X) u, (140)

8pC% (%) = —x* (%8, h) -

In this form, the BRST symmetry also enables us to use all the basic properties to explore the renormal-
ization of quantum theory, as one can verify by inspecting the considerations in sections "Quantum Gravity in
the Background Field Formalism” and "Gauge Invariant Renormalizability” (see also [17]). However, there
is a price to pay for the possibility to work with the functional integral over the smaller number of integration
variables. One can note that the nilpotency property of the BRST transformations is lost in the new version of
BRST transformations (140). On another hand, in the context of gauge invariant renormalizability, the nilpo-
tency of the BRST transformation does not play a critical role. For this reason, we can freely switch between

the two versions of BRST, according to our convenience.

FEIXMEZINT, BRST MR SR VFERATA A AT A E A T R & T ISRV E R, X —ml DU
HER RGP THETSIN” M DEAZERNE” WYRTHRRIE (S5 [17]).
i, FEE DR BRZER D TEZA RN ATLAES, 7EHiRk BRST 2t (140) H, BRST
T EERRT, H—7iH, EMVENERERERES T, BRST ZMHREEEH KR
TEM. e, FRATA] DURYE T ZREEAE M A BRST fE X RITIHL
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As the problem of homogeneity and introduction of (127) and (128) has been solved, we are in a position
to review the power counting and classify the models of quantum gravity, as it was explained in detail in Chap.
8, "The Background Information About Perturbative Quantum Gravity” (see also [38] and [91]). Thus, the
important understanding of the main aspects of renormalization and effective approaches in perturbative QG
gains a reliable basis after we get a mathematically solid proof of the gauge invariant renormalizability of the

classically covariant models of gravity.

BESRTFIRME R DA R, (127), (128) BT I A FIEERE AR, FRATAI DURSE 8 & “MIE F5IhE =
FOR” AR TEANAERERIARAE, BT R OO EOE B 75 R 28 (B2 ISR [38] 7 [91]). 7E
PAHG RN 285 | AR RTE AL AT R M R A REAUE A S, X 751 BRI AL
TIER LTI EZINRA T Al S,

Conclusions
aiie

The general proof of diffeomorphism invariant renormalization in QG, independent of the renormaliz-
ability by power counting, is relevant for several important reasons. In particular, such a proof provides a
solid basis for the low-energy effective approach in QG, which means making practical calculations in the
low-energy sector of the theory, even in non-renormalizable models. In this case, it is necessary to be sure
that the UV divergences are subtracted by local covariant counterterms that do not affect the physics in the
IR [1].

B 15171 (QG) FAMKIR X B AT BB R o7 R IR A 2R S AV i@ FIEBA 2 F AR EE, B TLAD
KRR, NHRBIZIEA & 75 | RRRE B RTT AR AL T IR S Bl —— X R E MR AR T B %R
B WRETERICAVIREE X FF BRI, EXAEI T, FRATAHRIAZL SN BT AR AL
ANX PFER R B counterterm HETH [1].

The main advantages of the approach of [38], which we reproduced and reviewed here, are related to the
compact description of the variation of extended effective action under the gauge transformations of all fields
used in the background field formalism. The derived form of these variations can be applied to an arbitrary QG
theory, respecting the diffeomorphism invariance. The variation shows an invariance of the effective action

when the antifields (sources for the BRST generators) are switched off.

ASCEIFFEBHISCHR [38) TITEROOMES, £ T ENBERIEXAERT A ZIMEZI T, §
JeA e R T T RBERIR, S HEX M 2R T R o R A2 TR
BTSN, SR (BRST ARTTHR) KXMAG, ZEMRIERIEHERE A ZN,

After switching off the mean field of quantum metric, Faddeev-Popov ghosts, auxiliary field, and anti-
fields, the divergent part of effective action possesses general covariance, and this important property holds in
all orders of the perturbative loop expansion. This statement holds in all covariant models of QG, including
the ones with higher derivatives and even for the nonlocal models. Starting from covariance and using power
counting and locality of the counterterms, one can easily classify the models of QG into non-renormalizable,
renormalizable, and superrenormalizable versions. One of the extensions of the analysis performed above is

an extension to the nonlinear gauges [92], but this part is beyond the scope of the present review.
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